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The presence of impurities in a crystal lattice is one of the causes of 
anelasticity of solids. Impurities in single crystals may lead to re- 
laxation of the Snoek [1] and Zener [2] type, and affect the level of 
dislocation internal friction [3]. tn polycrystals there is yet another 
mechanism of relaxation, i . e . .  the "uphill" diffusion of impurity 
atoms in a random elastic stress field produced by the deformation 
of randomly oriented crystals. This mechanism may contribute to 
the internal friction, elastic aftereffect and transient creep. Diffusion 
relaxation of this kind was first analyzed by Zener [4] who, having 
concluded that the difference between the relaxation and nonrelaxa- 
tion moduli cannot be accurately calculated, estimated the order of 
magnitude of this difference; he based this estimation on the calcula- 
tion of a second-order moment function from the reciprocal of the 
Young's modulus. An implicit assumption in Zener's model is that 
the elastic strain of a crystal is determined only by the orientation 
of its crystallographic axes and on the external applied force field, 
being independent of the strains of adjacent crystals. The inade- 
quacy of such a model for a polycrystal is evident. Moreover, this 
approach does not allow to obtain the distribution function of relaxa- 
tion times. An accurate computation of the intensity of relaxation 
in polycrystals of an arbitrary crystal symmetry, which takes into 
account pair correlations between the separate grains, is presented 
in this article. 

1. F o r m u l a t i o n  o f  t he  p r o b l e m .  C o n s i d e r  a p o l y c r y -  

s t a l  w h i c h  c o n s i s t s  of g r a i n s  of  d i f f e r e n t  s h a p e  and  
o r i e n t a t i o n .  If the  i m p u r i t y  c o n c e n t r a t i o n  and s t r a i n  
a r e  a s s u m e d  to be  s m a l l ,  the  e l a s t o - d i f f u s i o n  s e t  of  

e q u a t i o n s  m a y  be  w r i t t e n  in t h e  f o r m  

~ i D i ~ c  ot ~ -  ~ic~,~ ~o,,~ut,~ = - -  q ,  (I. I) 

(1.2) 

c = n ' / N ,  bi, = Oolk / Oc = k~t,nTtm, T,,n = Oetm / 0c ,  

Di~ = D ik~  Jr ~ V ~  

= ~ik/rtt'~ik~/grt, 'glair = 1/2 (Igtgn + Utal)* ( 1 . 3 )  

E q u a t i o n  (1 .1)  i s  t h e  e q u a t i o n  o f  uph i l l  d i f f u s i o n  in 

a h e t e r o g e n e o u s  a n i s o t r o p i c  m e d i u m  (for  i t s  d e r i v a -  
t i o n  s e e  append ix ) ,  and Eq .  (1 .2)  i s  t he  e q u a t i o n  o f  
e q u i l i b r i u m  t a k i n g  in to  a c c o u n t  c o n c e n t r a t i o n  s t r e s s e s  

[5, 6] .  T h e  s u m m a t i o n  c o n v e n t i o n  a p p l i e s ,  and t h e  
s y m b o l s  a p p e a r i n g  in  t h e  e q u a t i o n  h a v e  t h e  f o l l o w i n g  
m e a n i n g :  c i s  t he  i m p u r i t y  a t o m  c o n c e n t r a t i o n ,  n and 

N a r e  t h e  n u m b e r  of,  r e s p e c t i v e l y ,  i m p u r i t y  a t o m s  

and a l l  t h e  a t o m s  in  un i t  v o l u m e ,  Dik i s  t h e  d i f f u s i o n  
c o e f f i c i e n t ,  w h i c h  d e p e n d s  on c and m a y  b e  qu i t e  s u b -  

stantial~ [7, 8], Dik ~ = Dik f o r  c - -  0, b i k  and ~ik a r e  
t h e  c o n c e n t r a t i o n  s t r e s s  and s t r a i n  t e n s o r s ,  r e s p e c -  
t i v e l y ,  V0 i s  t he  m o l e c u l a r  v o l u m e ,  R i s  t h e  g a s  c o n -  
stant, Uik = ui, k is the distortion tensor, u Is the dis- 
placement tensor, eik is the strain tensor, q charac- 
terizes the strength of the source of impurity atoms, 

and f is the force density. 

The elasto-diffusion set of equations (1.1), (1.2) is analogous to 
the system of thermoelasticity equations, differing from it only in 
the third term of the left side of the diffusion equation. It would 
therefore be possible directly to use a method previously developed 
for the computation of thermoelastic relaxation of polycrystals of 
cubic symmetry. With lower forms of symmetry, however, direct 
computation is quite tedious. For this reason the calculation of the 
frequency dependence of the effective elastic constant tensor is re- 
placed below by the computation of its values at frequencies w ~ 0 
and co ~ ~, which gives directly the relaxation and nonrelaxation 
values of this tensor and. consequently, the relaxation intensity. 

T a k i n g  into  a c c o u n t  that  the  d i f fus ion  c o e f f i c i e n t  is  
a k i n e t i c  c h a r a c t e r i s t i c  and d o e s  no t  a f f e c t  t he  d e g r e e  

of  r e l a x a t i o n ,  l e t  us r e p l a c e  Dik by i t s  e f f e c t i v e  v a l u e  
D6ik and l i n e a r i z e  Eq .  (1 .1)  by  s u b s t i t u t i n g  f o r  t h e  
r e a l  c o n c e n t r a t i o n  c (in t h e  d i f fus ion  c o e f f i c i e n t  D and  
in the  t h i r d  t e r m )  a v a l u e  co a v e r a g e d  o v e r  t h e  p o l y -  
c r y s t a l .  Then ,  fo r  h a r m o n i c  o s c i l l a t i o n s  th i s  e q u a t i o n  

m a y  be  w r i t t e n  in the  f o r m  

Lc = - -  q q- Dg~7Sbtmutm 

�9 coVoDo~ L -- DV 2 - iio, = L - h V ~  / " 
(1.4) 

D e t e r m i n i n g  the  c o n c e n t r a t i o n  and s u b s t i t u t i n g  i t s  

v a l u e  in (1.2), we  f ind 

Luut  ~ - - / i  ~ 

(Lit ~ ~7~'tttlm~m "4" DxVkbik~sg * b/raVin, 

]i ~ = / i  --  X7~bi~g * X, Lg = - -  ~ (r)) (1.5) 

Le t  us  r e p r e s e n t  t e n s o r s  X i k l m  and b / m  as  a s u m  

of  the  a v e r a g e  v a l u e  

<~tklm> = K6ixStm "~ [,l, Diktm, <bi~) = b6i~ , 

(Di~tm ~ 8itfiltm "~- 8im~kt ~ 2/3~ik~lm) , 

and the  f l u c t u a t i o n  i n c r e m e n t  

6~iktra = ~. i~t , , -  (~,i~/r,), 6bik = b i k -  <bik). (1.7) 

It shou ld  be  n o t e d  tha t  a v e r a g i n g  is  c a r r i e d  out  o v e r  

r e g i o n s  w h o s e  s i z e  i s  v e r y  m u c h  l a r g e r  then  the  g r a i n  

s i z e  but  s m a l l  in c o m p a r i s o n  wi th  the d i s t a n c e  o v e r  
w h i c h  t h e r e  is  a m a r k e d  v a r i a t i o n  in the  r e g u l a r  p a r t  
of  t he  funct ion .  T h e n ,  the  o p e r a t o r  L i l  i s  s p l i t  in to  
r e g u l a r  Q i / a n d  r a n d o m  Rig  c o m p o n e n t s  

Qu --  v~  <~,t~tm) ~7,, Jr Dg~7~ <bi}:~gg * btm) Vrn* (1.8) 

Rt t  = ~ 7 ~ v i k l m ~ T m  J r  Dgb x 

X (VkSlk~YSg * 8btm~m + ~t~fibik~g * 81m~Ym) 

(Qu Jr nit = Lil). (1.9) 

Equating expression (1.8) for the regular component 
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L i l  of t he  o p e r a t o r  to  the  e q u i l i b r i u m  e q u a t i o n  

~,~ = __/r (1.1O) 

we f ind the  t e n s o r  o p e r a t o r  of  t he  e l a s t i c  m o d u l i  of  the  
polyc  r y s t a l  

A~m (r = <k~X~m) + D~ <bi~?~g* b~>. (1.11) 

H e n c e ,  fo r  the  d e f e c t  of t he  e l a s t i c  m o d u l i  t e n s o r  
2XAiklm in the z e r o t h  a p p r o x i m a t i o n  we f ind 

t: ,APqD ~.(o) (0) A (a) :0~ xb~6~6~m4 - tao~ pq r 

(Ap~ ----- <6broW>). (1.12) 

H e r e  the  f i r s t  t e r m  g i v e s  the  m o d u l u s  d e f e c t  due to 
d i f fus ion  t h r o u g h  d i s t a n c e s  l wh ich  a r e  of  the  o r d e r  of  
t h e  s t r a i n  f i e ld  h e t e r o g e n e i t i e s .  The  s e c o n d  t e r m  is  
a s s o c i a t e d  wi th  d i f fu s ion  t h r o u g h  d i s t a n c e s  a of  the  
o r d e r  of  t he  g r a i n  s i z e .  

In the  f o r m e r  c a s e  the  r e l a x a t i o n  t i m e  is  qu i t e  l a r g e  
( ~ / e / D ) ,  w h i l e  in the  l a t t e r  c a s e  it  is  s u b s t a n t i a l l y  

s m a l l e r  (~ aZ/D). �9 
It shou ld  be  no t ed  tha t  in the  e a s e  of  u n i f o r m  e y c I i e  

d e f o r m a t i o n  the  f i r s t  t e r m  in (1.12) shou ld  be  a s s u m e d  
e q u a l  to z e r o .  In f ac t ,  t he  s t r e s s  t e n s o r  in t h i s  c a s e  
is e q u a l  to 

l a t i ons  l e ads  to the  fo l lowing  e x p r e s s i o n  fo r  the  r e -  
g u l a r  p a r t  of the  d i s p l a c e m e n t  v e c t o r  [9]: 

Qit (at) -4- (t:lilzgpq*Mql> <~t> = - - ] i  ~ (2.1) 

w h e r e  the  G r e e n ' s  t e n s o r  func t ion  is  g i v e n  by 

Qi~g~ = - -  6i~6 (r). (2.2) 

F o r  h igh  f r e q u e n c i e s  the F o u r i e r  t r a n s f o r m  of the  
G r e e n ' s  t e n s o r  Gpq (k) and the r a n d o m  t e n s o r  o p e r a t o r  

R i t  a r e  equa l  to 

_ k v g §  / (2.3) 
% = ~ - ,  z - ~ .  

Subs t i tu t ing  (2.3) in (2.1), we ob ta in  

A(~) , , l ~x~,~ • , 2 A ~  ~i~vv~ (2.4) 

The  c o r r e l a t i o n  t e n s o r s  A~,~Yq and "~PP zalm,lq a r e  r e l a t e d  
to the  b i n a r y  c o r r e I a t i o n  func t ion  of the e l a s t i c  m o d u l i  
t e n s o r  b i t ~  by e q u a t i o n s  

b iXhn l r  - -  r ' )  ~iklm --  . <6Latin (r) 6)~pq~ (r '))  = w~ t = ~ v ' ~  ~P (r - -  r ') .(2.5) 

E q u a t i o n  (2 .4)  c o i n c i d e s  wi th  the  f l u c t u a t i o n  i n c r e -  
m e n t  to  the  e l a s t i c  m o d u l i  t e n s o r  of a p o l y c r y s t a l  c a l -  

c u l a t e d  in [10]. tn t he  s e c o n d  l i m i t i n g  c a s e ,  s e t t i n g  
w = 0 ,  we f ind 

iX [bl,~ (r - -  r ')  ~_ <6bix (r) 5b,~ (r')>] . (1.13) 

Denoting Fourier transforms by capital letters 

g~t S e-~kr F (k) dVr: (1.14) F ( k )  = :e~k~/(r)dV, / ( r )  = 

and t a k i n g  into  a c c o u n t  r e l a t i o n s  

/ .  t = F (0), G (k) = (Dk 2 + i(o) -1 , (1.15) 

we ob t a in  

v 2 g .  t = - -  (D @ iok-2)-ix=o = O. (1.16) 

In the  c a s e  of  n o n u n i f o r m  d e f o r m a t i o n ,  e . g . ,  in 

bend ing ,  i m p u r i t y  a t o m s  w i l l  d i f fu se  f r o m  c o m p r e s s e d  
r e g i o n s  to r e g i o n s  of  t e n s i l e  s t r a i n s .  T h e  c o r t e s -  

pond ing  d e f e c t  of  the  m o d u l u s  is ob t a ined  if  it i s  t a k e n  
into  a c c o u n t  tha t  in t h e s e  c i r c u m s t a n c e s  A~ is  c o n -  

v o l u t e d  w i t h  the  func t i on  Uik(r  ). In the  F o u r i e r  s p a c e  
as  w ~ 0 th i s  l e a d s  to the  m u l t i p l i c a t i o n  of  Uik(k) 

by  - D  -1. 
It f o l l ows  f r o m  (1.12) tha t  fo r  u n i f o r m  d e f o r m a t i o n  

the  c o r r e l a t i o n  p a r t  of  the d e f e c t  of  t he  t e n s o r  of 
e l a s t i c  m o d u l i  is  d e t e r m i n e d  in the  z e r o t h  a p p r o x i -  

m a r i o n  by c o r r e l a t i o n s  of  the  s e c o n d - r a n k  e o n c e n t r a -  
t ion  s t r e s s  t e n s o r .  As  a r e s u l t ,  in the  e a s e  of cub i c  
c r y s t a l  s y m m e t r y  t h e  c o r r e l a t i o n  p a r t  of the  d e f e c t  of 
t he  e l a s t i c  m o d u l i  t e n s o r  in the  z e r o t h  a p p r o x i m a t i o n  
is equa l  to z e r o ;  in the  c a s e  of  c r y s t a l s  of l o w e r  s y m -  
m e r r y ,  i t  w i l l  be  m a n i f e s t e d  in the  p r e s e n c e  of  a s h e a r  

c o m p o n e n t  of  the  s t r e s s  t e n s o r .  

2. Calcu la t ion  of  the d e g r e e  of  re laxat ion  in the 
f i r s t  a p p r o x i m a t i o n .  T a k i n g  into a c c o u n t  p a i r  c o r r e -  

l "6 , 

Riz = V~6~,ixz,~Vm --xbvx(6~6b, ,~-b  5bt~6lm) Vm (2.6) 

i . ~ pq K0 + 1/31x, 
Ko -4- %~to / 

Subs t i t u t i ng  (2.6) in (2.7) and (2.1), and p e r f o r m i n g  
the  a p p r o p r i a t e  t r a n s f o r m a t i o n s ,  we find the  f o l -  
lowing  e x p r e s s i o n  fo r  the  c o r r e l a t i o n  i n c r e m e n t  to 

the  a v e r a g e d  v a l u e  of  the  e l a s t i c  m o d u l i  t e n s o r :  

, m  ,0 , t ( 1 _  @ ' t tkpq 
!Xik lmk ] - - ~ o o  3s 211mpr I Jf- 

~0 A tXPp 2xb i~ 
-{- t5~0~Ira,zq -[- 3K0q_4rt ~ Azrapp. (2.8) 

T e n s o r  A ik is g i v e n  by 
l m p q  

tk 
<6bi~ (r) 6k,~,,,~ (r')> = :I~,~,, t ~ (r - -  r ). (2.9) 

S u b t r a c t i n g  (2 .8)  f r o m  (2.4) ,  we f ind the  c o r r e -  
l a t i on  i n c r e m e n t  of  the  f i r s t  a p p r o x i m a t i o n  to the  d e -  

f e c t  of  the  e l a s t i c  m o d u l i  t e n s o r .  

�9 tkpq ikpp **{,) __ )~b~ (2f~lAt,,w,~ -t- f~zAIm~,z) - -  

2kb ix 
- -  "a (K + %~) A r.,,p, 

~ 2 1 ~ t  ' 2 (l  K 3K"-) .~,q 

1~4 {\ot ~K q_iaglAo,~.8~t2/ pq (2.10) 
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F o r  a cub ic  c r y s t a l  ~2 = 1. F o r  l o w e r  s y m m e t r y  gt > 

> 1. In t he  c a s e  of h e x a g o n a l  s y m m e t r y  f o r  b33 = 1.5b 

In the  c a s e  of z inc ,  fo r  i n s t a n c e ,  hav ing  c a l c u l a t e d  

K and  p f r o m  d a t a  in [10], we  ob ta in  K = 6.71 and  p = 

= 2.75 x 10 n d y n e / e r a  2, w h i c h  g i v e s  ~21 = 2.5 ~22 = 4 /27 .  

The  b i n a r y  c o r r e l a t i o n  t e n s o r s  in (2.10) a r e  e a s i l y  

c a l c u l a t e d  w i t h  the  a i d  of  r e l a t i o n s  

ik t �9 D ik,, i ArsPpn 
A I m p p  = - (~  A r s p p  iklm~ dIraqq = ~ rsqqlJ ik lm ~ , 

/ t A:;;~ ) D~,~. (2.11) 

The  s c a l a r  v a l u e s  in the  r i g h t  s i d e s  of  t h e s e  e q u a -  

t i o n s  a r e  e a s i l y  c a l c u l a t e d  in the  c r y s t a l l o g r a p h i c  c o -  

o r d i n a t e  s y s t e m .  

3. C a l c u l a t i n g  t o t a l  d e f e c t s  of  t he  o m n i d i r e c t i o n a l  

c o m p r e s s i o n  a n d  s h e a r  modul i .  U s i n g  the  r e l a t i o n  

we  f ind  

~ K  at t A a(o) (,) = /,, t ~  + ~Auu), (3A) 

2 xb2~ , ~  (3.2) 
AK = X b2 + 135 (K @ ~/alx) ~ A ~ p q .  

H e r e  the  f i r s t  t e r m  d e s c r i b e s  r e l a x a t i o n  w h i c h  t a k e s  

p l a c e  only  in the  c a s e  of  n o n u n i f o r m  d e f o r m a t i o n s .  

T h i s  t e r m  wi l l  be  n o n z e r o  f o r  c r y s t a l s  wi th  a s y m -  

m e t r y  l o w e r  t h a n  cubic .  

The d e f e c t  of t he  s h e a r  m o d u l u s  is  found  f r o m  

i~ = '/ao ( i~ ,~--  3K). (3.3) 

This gives 

I . A p  q t xb ~rs -L 

t xb 2 \ (Q1Arspq l 0 1 
+ 75 ( K , ' / , p , )  2 - ~ - ( , . ~ - - ~ - .  ) ).  (3.4) 

For a cubic structure,  (3.4) simplifies to 

xb 2 ~ rspq 18 x K~72ca 2 . (3.5) 
A~ = 75(K+ 4/3~t)2 " rspq - -  125 (K ~- %bt) 2 

The  v a l u e s  7 and  c 3 f o r  c u b i c  c r y s t a l s  a r e  g i v e n  by 

e x p r e s s i o n s  

~,i~tm = Clbik6trn @ c2 (8it6km@ 6i~6~I) ~- ca ~ 6ij6~i6~j6mj, 
3 

T ~ I/.~ Tu �9 (3.6) 

4 .  C a l c u l a t i n g  t h e  r e l a x a t i o n  t i m e  d i s t r i b u t i o n  f l m c -  

t i o n s .  To a g i v e n  d e g r e e  of r e l a x a t i o n  A ~ / ~  t h e r e  

c o r r e s p o n d s  an  i n t e r n a l  f r i c t i o n  p e a k  w h o s e  h e i g h t  and  

w i d t h  ~ r e  d e t e r m i n e d  by  the  r e l a x a t i o n  t i m e  d i s t r i b u -  

t i o n  f u n c t i o n  f(~-). To  c a l c u l a t e  f0" )  i t  i s  n e c e s s a r y  

to  c o n s i d e r  (1 .11)  and  (2 .1 )  w i t h o u t  a s s u m i n g  w = 0 

o r  o9 - -  m .  

As s h o w n  in  [9], t h e  r e l a x a t i o n  t i m e  d i s t r i b u t i o n  

f u n c t i o n  i s  d e t e r m i n e d  by a c o o r d i n a t e  d e p e n d e n c e  o f  

t h e  c o r r e s p o n d i n g  b i n a r y  c o r r e l a t i o n  f u n c t i o n s .  F u n c -  

t i on  f (~)  i s  e x p r e s s e d  t h r o u g h  a f u n c t i o n  ~I,(r), p r e -  
v i o u s l y  i n t r o d u c e d  in to  t he  F o u r i e r  t r a n s f o r m  r in 
t h e  fo l l owing  way:  

i 1(~)= - ~  t-'/. / ( t ) d ~ = l .  (4.1) 
0 

If the  c o o r d i n a t i o n  d e p e n d e n c e  of a l l  t he  b i n a r y  c o r -  

r e l a t i o n  f u n c t i o n s  is  t a k e n  in t he  f o r m  

(r) = exp (--  r / a) ,  (4.2) 

w h e r e  a is  of t h e  o r d e r  of t he  c r y s t a l  s i z e ,  the  d i s -  

t r i b u t i o n  func t ion  is g i v e n  by 

2aSD-% ,C% 
/ ( t )  - -  ~ (i  + a2 / Dr) 2 (4 .3 )  

In the p r e s e n c e  of a d i s t r i b u t i o n  func t ion ,  the  h e i g h t  

of  t he  i n t e r n a l  f r i c t i o n  peak  is  r e d u c e d  by a f a c t o r  of 

two  (in c o m p a r i s o n  wi th  t he  peak  of a s t a n d a r d  l i n e a r  

body)  and  b e c o m e s  

For the purpose of a quantitative estimate let us consider the 
system Fe - C (of cubic symmetry) with 4.5% C at 1250 ~ C. The 
elastic constants of a-iron (expressed in 1011 dyne/cm 2) are: ci = 11.4; 
c 2 = 8.9; c s = 13.6. The dimensionless parameter 7 = 0.2 (see [11]). 
This gives ZXp/~ = 1.5 • 10 -3, hence Q-lma x = 3.7 • 10 "4. This value 
corresponds to a frequency v m = 0.6Da -2. Using data cited in [12]. we 
findD = 3 . 2 •  -Gsec/cm 2arT = 1250 ~ Foragra ins izea~-  10 -3 
cm, the frequency corresponding to the internal friction peak will be 
i cps. 

These results indicate that the diffusion internal friction of poly- 
crystals can be determined by experiment. The precise magnitude of 
the internal friction peak may be slightly different, because the peak 
at 1250 ~ C was estimated on the basis of elastic constants at room 
temperature and without taking into account the effect of carbon. 
However. the order of the magnitude of the estimated internal friction 
peak should be correct. 

5. Appendix. (Derivation of the equation of uphill diffusion in a 
heterogeneous anisotropic medium.) For small strains Uik and impurity 
atom concentration c in a heterogeneous medium, the free energy of 
unit volume F can be expanded in a series in.the parameters Uik and c. 

If the expansion is limited to the quadratic approximation, we 
obtain 

F ~ F o  -~- 1,2 ~,iklrnUik u m - -  ~'ildmUik'rlm c -~ 1/2 ~'ikl m~[ik'(Imc~ 

(c -= n / N). (5.1) 

Hence we find the chemical potential p 

OF t t 

F*o OFo 
= On ' bi~ -~ ~'iklmTIm' ~ ~ ~'iklmTiR"(lm) " 

(5.2) 

The particle flux density J is expressed in the usual way [13] by 
the chemical potential 

n 
Ji = -- ~ DiflVj~, (5.3) 

0 where Dil, is the diffusion coefficient as c ~ 0. 
Substituting (5.2) in (5..3) and taking into account that for dilute 

solutions 

90 = kT In n ,  (5.4) 
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we find 

(t  ' c~Vo ~ D~joc 
- -  Yt = Dij~ - f f ~ )  Vin - - - - ~ -  Vjbl~uz~ (5 .5 )  

Here V0 is the molecular volume, 
The change in the number of particles in unit volume per unit time 

is 

Dn c 
if{= - -  Vid i = ViDijVin - -  V~Dijo-.~- ~- Vjblkul~ 

(Dii -~ Dijo [t .-{- c3Vo / RTI) . (5.6) 

Relating this expression to the total number of particles in unit 
volume, we obtain 

Oc Vo 
~ t -  ViDoVjc + ~ ViDij~ u~ = 0.  (5.7) 

In the presence of sources of impurity atoms the equation of 
uphill diffusion (5.7) will be nonuniform, as in (1.1) in the text. 
Equation (1.2) is obtained from (5.1) by differentiating F with 
respect to the strain tensor and substituting the result in (1,10). 
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